The close connection between the geometry of a Banach space and the properties of vector measures acting into it is now fairly well-understood. The present paper is devoted to a discussion of some of these developments and certain problems arising naturally in this circle of ideas which are either open or have been partially resolved. Emphasis shall be laid mainly on those aspects of this theory which involve properties of the range of these vector measures.
Definitions, preliminaries and notations
Throughout this paper, we shall let X, Y, Z, . . . denote Banach spaces, unless otherwise stated. We shall use the symbol X * for the dual of X whereas B X shall be used for the closed unit ball of X: B X = {x ∈ X : ∥x∥ ≤ 1}. We shall also make use of the following notation:
L(X, Y), Banach space of bounded linear operators from X into Y. P(N), set of all permutations on N.
c 0 (X) = {(x n ) ⊂ X : x n → 0}
Clearly, ℓ p X ⊂ ℓ p [X] for all 1 ≤ p < ∞. Further, the indicated inclusion is continuous when these spaces are equipped with natural norms defined by:
.
, (x n ) ∈ ℓ p {X}. Here, ∑ is a σ-algebra of subsets on a set Ω. The set of all X-valued measures shall be denoted by M(X). Further, we shall say that µ is of bounded variation (µ ∈ M bv (X)) if µ(E) = χ E is a vector measure which is also of bounded variation. However, the same measure when allowed to act in the space L ∞ (m) in place of L 1 (m) fails to be of bounded variation. In the latter case, it is not even countably additive.
Elementary Properties
(a) The range of a vector measure is always weakly relatively compact which also has the Banach-Saks property, i.e., each sequence in the range admits a subsequence whose arithmetic means form a convergent sequence. (b) If the measure µ is nonatomic and takes values in a finite dimensional space, then the range of µ is compact and convex. This is the celebrated Liapunov Convexity Theorem.
The range of the measure µ referred to above is the set r (µ) given by:
We shall also make use of the following notation:
We have the following chain of inclusions:
The class N(X, Y) then becomes a Banach space when equipped with the nuclear norm defined by
where infimum is taken over all representations of T as given above.
By the open mapping theorem, this translates into the finitary condition:
The infimum of all such c's appearing above and denoted by π 2 (T) is called the p-summing norm of T, making Π p (X, Y) into a Banach space.
Grothendieck's theorem (see [14, Theorem 5.12] ) states that all operators on an L 1 -space and taking values in a Hilbert space are absolutely summing whereas those acting on an L ∞ space are always 2-summing. Banach spaces sharing this property with L 1 are said to satisfy Grothendieck's Theorem (also called GT-space, for short). (a) Nuclear maps are always compact (as the uniform limit of a sequence of finite rank operators)
, the class of Hilbert-Schmidt maps acting between Hilbert spaces H 1 and H 2 and 1 ≤ p < ∞.
(e) A composite of 2-summing maps (and hence of absolutely summing maps) is always nuclear with
Problems involving range of vector measures
Amongst a host of problems that one seeks to address in the theory of vector measures, the following two stand out as the most important of these problems:
Localization problem
Given a class of subsets S(X) of X or a class of sequences F(X) in X, the 'localization problem' of vector measures addresses the following question. Let λ(X) denote one of the sequence spaces ( * ) introduced in Section 1.
(LP): Under what conditions on X is it so that S(X) ⊂ (X). F(X) ⊂ (X).
The most natural candidates for C(X) or F(X) are:
There are situations when (LP) has an affirmative answer for certain values of F(X), regardless of the choice of the Banach space X. In fact, it is well known (see [2] ) that the inclusion ℓ 2 [X] ⊂ R(X) is valid for all choices of Banach spaces X!
The case F(X) = c 0 (X) has been completely settled as is testified by the following sequence of theorems: 
In view of the above, the following problem suggests itself: considerably larger than the bidual of X, the above problem admits an affirmative solution without additional conditions on X. In other words, this holds if Z is taken to be a Banach space that contains an (isometric) copy of X! In this situation, it can be shown that no extra conditions are needed on a Banach space X so that every null sequence in X is contained inside the range of a superspace-valued measure! (b) It is also of interest to describe classes of Banach spaces X such that the inclusion in 2.4 holds but for which c 0 (X) R(X).
As in the case of F(X) = c 0 (X), a complete description is known regarding the various possibilities of 'localizing' sequences in ℓ p {X} inside the range of a vector measure, with or without bounded variation. Instead of listing the entire catalogue of theorems describing these phenomena, let us settle for the following sample result pertaining to this circle of ideas. Back to Theorem 2.1. Let us observe that unlike in Theorem 2.2, the possibility of localizing null sequences in X inside R(X) does not imply the same property for bounded sequences in X. In fact, the possibility of doing so with bounded sequences (in place of null sequences) immediately leads to X being reflexive (and even) super-reflexive. However, there are non-reflexive Banach spaces verifying Theorem 2.1. This suggests the following problem which is already a well known open problem in the theory of vector measures.
Theorem 2.6. ([17]) For a Banach space X, TFAE:
(a) ℓ p {X} ⊂ R bv (X). (b) ℓ p X ⊂ R bbv (X). (c) L(X, ℓ 1 ) = ∏ d q,1 (X, ℓ 1 ),
Problem 2.11. Characterize Banach spaces X such that B X ⊂ r (X), or equivalently, that ℓ ∞ {X} ⊂ R(X).
Interestingly, Problem 2.11 has been completely solved in the case of the inclusion relation ⊂ above being replaced by an equality. More precisely, we have the following: Here, the conclusion in (a) is a consequence of Theorem 2.12 combined with the well known fact [5] that for the range of p as indicated, all the spaces listed in (a) can be isometrically embedded into an L 1 -space. Also, (b) follows from an old theorem of Lindenstrauss (See [18] for an elementary proof) to the effect that L 1 [0, 1] is 2-universal in the sense that all 2-dimensional spaces can be (linearly) isometrically embedded into
A straightforward consequence of Theorem 1 yields that all null sequences in c 0 can be enclosed inside the range of a c 0 -valued measure. In fact, it can be shown that the same holds also for all weakly-null sequences in c 0 . It is also known that the Bourgain-Delbaen space mentioned earlier shares this latter property with c 0 . But a complete description of such spaces is still unknown. 
Reverse inclusions
The obvious question that suggests itself at this stage pertains to the possibility of reversing the inclusion relations in the above chain of inclusions:
What is already known in this context is summed up in the following theorem. Regarding the reversibility of the remaining inclusions, only partial results are known:
It turns out that the above inclusion is valid for almost all classical Banach spaces. However, there are (nonclassical) Banach spaces for which the above inclusion is strict! This was established by Marchena and Pineiro [9] who used the remarkable space of Bourgain and Delbaen to produce a counter -example. This construction was later simplified by the author in [16] . This motivates the following question: Problem 2.16. Describe Banach spaces X for which the equality: R bv (X) = R bbv (X) holds.
The question involving equality in the above inclusion relation, which was raised for the first time by the author in [16] , is somewhat similar to the question posed in (i) above which can be looked upon as the 'bounded variation' analogue of (ii). As opposed to (ii) above, however, no Banach spaces are yet known for which the inclusion in (ii) would be strict. However, there are a whole lot of Banach spaces for which equality holds as we shall see below. In an important work devoted to this question, de Koch and D. Puglishi [4] showed that: (d) (ii) holds for all separable Banach spaces.
The above result combined with Theorem 2.1 yields that there are Banach spaces X for which the inclusion relation in Problem 2.4 does not hold. One may take X = ℓ 1 , for example.
Problem 2.18. (a) Does the above equality in (ii) above hold for (WCG) spaces?
(b) Describe necessary and sufficient conditions on X for the above equality to hold.
Before we take up the next problem, we shall let R v (X) denote the space of all sequences in X which can be enclosed inside the range of a vector measure taking values in a Banach space containing an isometric copy of X as a subspace. Clearly, R b (X) ⊂ R v (X). Let us note that there are Banach spaces X for which R(X) = R v (X) holds. In fact, we show that this latter equality holds for X = c 0 . The proof makes use of the well known fact that c 0 is complemented in any separable super-space combined with the following useful fact due to Amir and Lindenstrauss [1] : (*) Given a weakly compactly generated (WCG) Banach space X and a separable subspace Y of X, there exists a projection on X whose range is separable and contains Y. The following problem which was proposed as a conjecture by the author in [15] is still open. We pose it as
